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Abstract
In this paper, we introduce the notion of system of quotients of Lie triple systems
and investigate some properties which can be lifted from a Lie triple system to its
systems of quotients. We relate the notion of Lie triple system of Martindale-like
quotients with respect to a filter of ideals and the notion of system of quotients,
and prove that the system of quotients of a Lie triple system is equivalent to the
algebra of quotients of a Lie algebra in some sense, and these allow us to construct
the maximal system of quotients for nondegenerate Lie triple systems.
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1 Introduction
Lie triple systems arose initially in Cartan’s study of Riemannian geometry, but whose
concept was introduced by Nathan Jacobson in 1949 to study subspaces of associative
algebras closed under triple commutators [[u, v], w](cf. [6]). The role played by Lie triple
systems in the theory of symmetric spaces is parallel to that of Lie algebras in the theory
of Lie groups: the tangent space at every point of a symmetric space has the structure of
a Lie triple system.
The notion of ring of quotients was introduced by Utumi in 1956 (cf. [12]). He proved
that the ring without right zero divisors has a maximal left quotient ring and constructed
it. Inspired by [12], Siles Molina studied the algebras of quotients of Lie algebras (cf. [10]).
The notion of Martindale ring of quotients was introduced by Martindale in 1969 for prime
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Normal University, Changchun 130024, China; E-mail: chenly640@nenu.edu.cn.
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rings (cf. [8]). In [3], E. Garc´ıa and M. Go´mez defined Martindale-like quotients for Lie
triple systems with respect to power filters of sturdy ideals and constructed the maximal
system in the nondegenerate cases.
In this paper we introduce the notion of system of quotients of Lie triple systems and
prove that some properties such as semiprimeness, primeness or nondegeneracy can be
lifted from a Lie triple system to its systems of quotients. We answer the question about
the relation between S being a Lie triple system of Martindale-like quotients with respect
to a filter and S being a system of quotients of a Lie triple system T . We also prove that
if S is a system of quotients of a semiprime Lie triple system T , then L(S) = S⊕L(S, S)
is an algebra of quotients of L(T ) = T ⊕ L(T, T ) in Theorem 3.19. Finally, we construct
the maximal system of quotients for a nondegenerate Lie triple system, and show that
the maximal system of quotients of a finite dimensional semisimple Lie triple system over
an algebraically closed field of characteristic 0 is itself.
Throughout this paper, we let F be a field of arbitrary characteristic. For background
material on Lie triple systems the reader is referred to [3–7]. Our notation and terminology
are standard as may be found in [2, 10, 11].
2 Preliminaries
Definition 2.1. [9] A vector space T together with a trilinear map (x, y, z) 7→ [x, y, z] is
called a Lie triple system(LTS) if
(1) [x, x, z] = 0,
(2) [x, y, z] + [y, z, x] + [z, x, y] = 0,
(3) [u, v, [x, y, z]] = [[u, v, x], y, z] + [x, [u, v, y], z] + [x, y, [u, v, z]],
for all x, y, z, u, v ∈ T .
Definition 2.2. [7] A subsystem of a LTS T is a subspace I for which [I, I, I] ⊆ I. An
ideal of a LTS T is a subspace I for which [I, T, T ] ⊆ I, in this case we have that [T, I, T ]
and [T, T, I] are contained in I.
If L is a Lie algebra, then L is a LTS relative to [a, b, c] ≡ [[a, b], c]. Conversely, it was
showed in [1] that if T is a LTS, then the standard embedding of T is the Z2-graded Lie
algebra L(T ) = L0⊕L1, L0 being the F-span of {L(x, y) : x, y ∈ T}, denoted by L(T, T ),
where L(x, y) denotes the left multiplication operator in T , L(x, y)(z) := [x, y, z]; L1 := T
and where the product is given by
[(L(x, y), z) , (L(u, v), w)] := (L([u, v, y], x)−L([u, v, x], y) + L(z, w), [x, y, w]− [u, v, z]) .
Let us observe that L0 with the product induced by the one in L(T ) = L0 ⊕ L1 becomes
a Lie algebra. Moreover, for a Z2-graded Lie algebra L = L0⊕L1, L1 has the structure of
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a LTS and every LTS T is the 1 component of a Z2-graded Lie algebra since its standard
imbedding L(T ) is a Z2-graded Lie algebra with L(T )0 = L(T, T ), L(T )1 = T .
Definition 2.3. [10] A Lie algebra L is said to be semiprime if [I, I] 6= 0 for every nonzero
ideal I of L. L is said to be prime if every two nonzero ideals I, J of L give [I, J ] 6= 0.
L is said to be nondegenerate if [[L, x], x] 6= 0 for every nonzero element x of L. For a
nonempty subset I of L the set CL(I) = {x ∈ L|[x, I] = 0} is called the centralizer of I
in L.
Definition 2.4. [1] A LTS T is semiprime if [T, I, I] 6= 0 for every nonzero ideal I
of T . It is prime if every two nonzero ideals I, J of T give [T, I, J ] 6= 0. T is called
nondegenerate if [T, x, x] 6= 0 for every nonzero element x of T . Let I be a nonempty
subset of T . CT (I) = {x ∈ T |[x, I, T ] = [T, I, x] = 0} is called the centralizer of I in T .
In particular, CT (T ) = {x ∈ T |[x, T, T ] = 0} is called the center of T , and is denoted by
C(T ).
Definition 2.5. An ideal I of a LTS T is said to be essential if every nonzero ideal of T
hits I (I ∩ J 6= 0 for every nonzero ideal J of T ).
Clearly, if I and J are essential ideals, then I ∩ J is an essential ideal.
The following results contain analogous results to the corresponding ones for Lie
algebras in [10], and their proofs are similar. Note that we will always consider a LTS as
the 1 component of its standard imbedding.
Proposition 2.6. [1] Let I be an ideal of a LTS T . Then
(1) CT (I) is an ideal of T .
(2) If CT (I) = 0, then I is essential. Moreover, if T is semiprime, then I ∩ CT (I) = 0
and I is essential if and only if CT (I) = 0.
Proposition 2.7. If T is a LTS, then
T is nondegenerate ⇒ T is semiprime ⇒ C(T ) = 0.
However, the converses of Proposition 2.7 are not true. Inspired by the counterex-
ample in [10], we consider a vector space A =
{(
a b
0 0
)
| a, b ∈ R
}
. Then A becomes a
LTS A− by putting [E, F,G] = EFG−FEG−GEF +GFE, ∀E, F,G ∈ A. It is easy to
prove C(A−) = 0. Note that I− =
{(
0 b
0 0
)
| b ∈ R
}
is an ideal of A− which satisfies
[A−, I−, I−] = 0, hence A− is not semiprime.
In [2], the author constructed a semiprime degenerate Lie algebra, and we denote it
by L, then L can be regarded as a LTS L˜ with [a, b, c] = [[a, b], c], ∀a, b, c ∈ L. Then L˜ is
a semiprime degenerate LTS.
Remark 2.8. A LTS T is prime if CT (I) = 0 for every nonzero ideal I of T .
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3 Systems of quotients of a Lie triple system
Inspired by the notion of algebra of quotients of Lie algebras in [10], we introduce the
notion of system of quotients of Lie triple systems.
Suppose that T and S are two LTS such that T ⊆ S, and R(−,−) : S → S is defined
by R(x, y)(z) = [z, x, y], ∀x, y, z ∈ S. For every s ∈ S, set
T (s) = Fs+
{
n∑
i=1
R(xi1, y
i
1) · · ·R(x
i
ki
, yiki)(s) | x
i
j , y
i
j ∈ T with n, ki ∈ N
}
.
That is, T (s) is the linear span in S of the elements of the form R(x1, y1) · · ·R(xn, yn)(s)
and s, where n ∈ N and x1, · · · , xn, y1, · · · , yn ∈ T . It is clear that [T (s), T, T ] ⊆ T (s),
[T, T (s), T ] ⊆ T (s) and [T, T, T (s)] ⊆ T (s). In particular, in the case that s ∈ T , T (s) is
the ideal of T generated by s. Moreover, we define
(T : s) = {x ∈ T | [x, T, T (s)] + [x, T (s), T ] ⊆ T}.
Obviously, if s ∈ T , then (T : s) = T . By definition, for x ∈ (T : s), [x, T, T (s)] and
[x, T (s), T ] are contained in T , moreover, by identity (1) in the definition of Lie triple
systems, [T, x, T (s)] and [T (s), x, T ] are contained in T . Finally by (2), [T, T (s), x] ⊆
[T (s), x, T ] + [x, T, T (s)] ⊆ T .
Proposition 3.1. Let T be a subsystem of a LTS S and take s ∈ S. Then (T : s) is an
ideal of T . Moreover, it is maximal among the ideal I of T such that [I, T, s]+[I, s, T ] ⊆ T .
Proof. It is clear that (T : s) is a subspace of T . Now, for any x ∈ (T : s), we have
[T, T (s), [x, T, T ]] ⊆ [[T, T (s), x], T, T ] + [x, [T, T (s), T ], T ] + [x, T, [T, T (s), T ]]
⊆ [T, T, T ] + [x, T (s), T ] + [x, T, T (s)] ⊆ T
and
[[x, T, T ], T (s), T ] ⊆ [x, T, [T, T (s), T ]] + [T, [x, T, T (s)], T ] + [T, T (s), [x, T, T ]]
⊆ [x, T, T (s)] + [T, T, T ] + T ⊆ T.
It follows that [[x, T, T ], T, T (s)] ⊆ [T, T (s), [x, T, T ]] + [[x, T, T ], T (s), T ] ⊆ T , and so
[x, T, T ] ⊆ (T : s), i.e., (T : s) is an ideal of T .
Suppose that I is an ideal of T such that [I, T, s] + [I, s, T ] ⊆ T . We will show that
for all x1, · · · , xn, y1, · · · , yn ∈ T, n ∈ N,
[I, T, R(x1, y1) · · ·R(xn, yn)(s)] ⊆ T, [I, R(x1, y1) · · ·R(xn, yn)(s), T ] ⊆ T.
We prove it by induction on n ≥ 1. The base step holds since
[I, T, [s, x1, y1]] ⊆ [[I, T, s], x1, y1] + [s, [I, T, x1], y1] + [s, x1, [I, T, y1]]
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⊆ [T, T, T ] + [s, I, T ] + [s, T, I] ⊆ T
and
[I, [s, x1, y1], T ] ⊆ [s, x1, [I, y1, T ]] + [[s, x1, I], y1, T ] + [I, y1, [s, x1, T ]]
⊆ [s, T, I] + [T, T, T ] + T ⊆ T.
For the inductive step, assume
[I, T, R(x2, y2) · · ·R(xn, yn)(s)] ⊆ T and [I, R(x2, y2) · · ·R(xn, yn)(s), T ] ⊆ T.
Apply step one to the element R(x2, y2) · · ·R(xn, yn)(s) we have [I, T,T (s)]+[I,T (s), T ] ⊆
T , and so I ⊆ (T : s).
Definition 3.2. Let T be a subsystem of a LTS S. Then S is called a system of quotients
of T , if given s, s′ ∈ S with s 6= 0, there exist x, y ∈ T such that
[s, x, y] 6= 0, (3.1)
x ∈ (T : s′) or y ∈ (T : s′). (3.2)
Proposition 3.3. Let T be a subsystem of a LTS S.
(1) If C(T ) = 0, then T is a system of quotients of itself.
(2) If S is a system of quotients of T , then CS(T ) = C(T ) = 0.
Proof. (1) Given any s, s′ ∈ T with s 6= 0, since s 6∈ C(T ) there exist x, y ∈ T (=
(T : s′)) such that [s, x, y] 6= 0.
(2) Since C(T ) ⊆ CS(T ) we only need to prove CS(T ) = 0. Given any s ∈ S there
exist x, y ∈ T such that [s, x, y] 6= 0. So s 6∈ CS(T ).
The above proposition says for a LTS T , that C(T ) = 0 is a sufficient and necessary
condition such that T has a system of quotients.
We will show that some properties of a LTS T can be inherited by its system of
quotients S. Actually, S just needs a weaker condition.
Definition 3.4. Let T be a subsystem of a LTS S. Then S is called a weak system of
quotients of T , if for every 0 6= s ∈ S, there exist x, y ∈ T such that 0 6= [s, x, y] ∈ T .
Remark 3.5. Every system of quotients of a LTS T is a weak system of quotients.
Proof. Suppose that S is a system of quotients of T . Then for all nonzero s ∈ S,
there exist x, y ∈ T such that [s, x, y] 6= 0 and at least one of x and y belongs to (T : s).
Thus 0 6= [s, x, y] ∈ T .
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However, the converse is false. Adapted from the examples of Utumi in [12] and Siles
Molina in [10], we consider the set C[x] of all polynomials in x with complex coefficients.
Let ασ denote the complex conjugate of a complex number α. Then the following ternary
product makes C[x] into a LTS, denoted by P :[
m∑
r=0
αrx
r,
n∑
s=0
βsx
s,
l∑
t=0
γtx
t
]
=
m∑
r=0
n∑
s=0
l∑
t=0
(αrβ
σ
s − α
σ
rβs)(γt + γ
σ
t )x
r+s+t.
Let I = 〈x4〉 be the ideal of P and let S = P/I. Let T = {α0 + α2x2 + α3x3} ⊆ S.
Then T is a subsystem of S and S is a weak system of quotients of T .
Indeed, S = Cx ∔ T and [1, i, 1 + i] = −4i 6= 0. It follows that for all 0 6= t ∈ T ,
0 6= [t, i, 1 + i] = −4it ∈ T . Take 0 6= α1x+ t = α0 + α1x+ α2x2 + α3x3 ∈ S. If α1x = 0,
then 0 6= [t, i, 1 + i] ∈ T ; if α1x 6= 0, then α1 6= 0, and hence 0 6= [α1x + t, i, (1 + i)x2] =
−4i(α0x2 + α1x3) ∈ T .
Suppose that S is a system of quotients of T , then for x, x3 ∈ S, there must be
t, t′ ∈ T such that [x3, t, t′] 6= 0 and at least one of t and t′ belongs to (T : x). Since
[x3, t, t′] 6= 0, it follows that t = α0, t′ = α′0, and [1, α0, α
′
0] 6= 0, for some α0, α
′
0 ∈ C. Thus
[x, t, t′] = [1, α0, α
′
0]x /∈ T . But if t ∈ (T : x), then [x, t, t
′] = −[t, x, t′] ∈ T ; if t′ ∈ (T : x),
then [x, t, t′] = [t′, t, x]− [t′, x, t] ∈ T . This contradiction shows that S is not a system of
quotients of T .
Remark 3.6. Let S be a weak system of quotients of a LTS T .
(1) If I is a nonzero ideal of S, then I ∩ T is a nonzero ideal of T .
(2) If T is semiprime (prime), then S is semiprime (prime).
Definition 3.7. Let T be a subsystem of a LTS S. Then S is called ideally absorbed
into T if for every 0 6= s ∈ S, there exists an ideal I of T with CT (I) = 0 such that
0 6= [s, I, T ] + [s, T, I] ⊆ T .
Lemma 3.8. Let T be a subsystem of a LTS S and take s ∈ S.
(1) If S is a system of quotients of T , then (T : s) is an essential ideal of T . Moreover,
CT ((T : s)) = 0.
(2) If S is ideally absorbed into T , then (T : s) is an essential ideal of T . Moreover,
CT ((T : s)) = 0.
Proof. (1) Let I be a nonzero ideal of T . Take 0 6= x ∈ I ⊆ T . Since S is a system
of quotients of T , there exist y, z ∈ T such that [x, y, z] 6= 0 and at least one of y and z
belongs to (T : s). By Proposition 3.1, (T : s) is an ideal of T , and note that I is an ideal
of T , it follows that 0 6= [x, y, z] ∈ (T : s) ∩ I, and hence (T : s) is an essential ideal of T .
Now, suppose CT ((T : s)) 6= 0. Since (T : s) is an essential ideal of T , there exists
0 6= t ∈ CT ((T : s)) ∩ (T : s). Note that S is a system of quotients of T , then there
6
exist t′, t′′ ∈ T such that [t, t′, t′′] 6= 0. However, [t, t′, t′′] = 0 since t ∈ CT ((T : s)). This
contradiction proves that CT ((T : s)) = 0.
(2) Since S is ideally absorbed into T , there is an ideal I of T with CT (I) = 0 such
that 0 6= [s, I, T ] + [s, T, I] ⊆ T . Then I ⊆ (T : s) by the maximum of (T : s), and so
CT ((T : s)) ⊆ CT (I) = 0. Thus (T : s) is an essential ideal of T by Proposition 2.6(2).
We will show the relation between S being a system of quotients of T and S being
ideally absorbed into T , and the following result is needed.
Lemma 3.9. Let S be a weak system of quotients of a LTS T and let I be an ideal of T
with CT (I) = 0. Then there is no nonzero x ∈ S such that [x, I, T ] = [x, T, I] = 0.
Proof. Suppose that there is 0 6= x ∈ S such that [x, I, T ] = [x, T, I] = 0. Apply
that S is a weak system of quotients of T to find y, z ∈ T such that 0 6= [x, y, z] ∈ T .
Since CT (I) = 0, [[x, y, z], I, T ] + [T, I, [x, y, z]] 6= 0. However, note that
[[x, y, z], I, T ] ⊆ [x, y, [z, I, T ]] + [z, [x, y, I], T ] + [z, I, [x, y, T ]]
⊆ [x, T, I] + 0 + [[T, I, x], T, T ] + [x, [T, I, T ], T ] + [x, T, [T, I, T ]]
⊆ 0 + 0 + [x, I, T ] + [x, T, I] = 0,
and
[T, I, [x, y, z]] ⊆ [[T, I, x], T, T ] + [x, [T, I, T ], T ] + [x, T, [T, I, T ]]
⊆ 0 + [x, I, T ] + [x, T, I] = 0.
This is a contradiction.
Theorem 3.10. Let T be a subsystem of a LTS S. Then S is a system of quotients of T
if and only if S is ideally absorbed into T .
Proof. Suppose that S is a system of quotients of T , and take 0 6= s ∈ S. By
Proposition 3.1 and Lemma 3.8(1), (T : s) is an ideal of T with CT ((T : s)) = 0. Then
[s, (T : s), T ] + [T, (T : s), s] 6= 0, and so [s, (T : s), T ] + [s, T, (T : s)] 6= 0. Use the
definition of (T : s), we have
[s, (T : s), T ] + [s, T, (T : s)] ⊆ [(T : s), T, s] + [(T : s), s, T ] ⊆ T.
That is, S is ideally absorbed into T .
Conversely, suppose that S is ideally absorbed into T , then S is a weak system of
quotients of T . Take 0 6= s, s′ ∈ S. By Lemma 3.8(2), we have CT ((T : s
′)) = 0, and
hence [s, (T : s′), T ] + [s, T, (T : s′)] 6= 0 by Lemma 3.9. Therefore there are x ∈ (T : s′)
and y ∈ T such that [s, x, y] 6= 0 or [s, y, x] 6= 0, which proves that S is a system of
quotients of T .
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In the proof of Theorem 3.10, we can conclude that S is a system of quotients of T
if and only if S is a weak system of quotients of T satisfying CT ((T : s)) = 0, ∀s ∈ S.
We now introduce the notion of Martindale-like quotients of a LTS T in [3], and
investigate the connection of which and the notion of system of quotients we have defined.
Definition 3.11. [3] A filter F on a Lie algebra is a nonempty family of nonzero ideals
such that for any I1, I2 ∈ F there exists I ∈ F such that I ⊆ I1 ∩ I2. Moreover, F is a
power filter if for any I ∈ F there exists K ∈ F such that K ⊆ [I, I].
A Lie algebra of Martindale-like quotients Q of a Lie algebra L with respect to a power
filter of sturdy ideals F if L ⊆ Q such that for every nonzero element q ∈ Q there exists
an ideal Iq ∈ F such that 0 6= [q, Iq] ⊆ L.
Definition 3.12. [3] A filter F on a LTS is a nonempty family of nonzero ideals such
that for any I1, I2 ∈ F there exists I ∈ F such that I ⊆ I1 ∩ I2. Moreover, F is a power
filter if for any I ∈ F there exists K ∈ F such that K ⊆ [I, T, I].
Let T be a LTS and let F be a filter on T . A LTS S is a LTS of Martindale-like
quotients of T with respect to F if S is F-absorbed into T , i.e., for each 0 6= s ∈ S there
exists an ideal Is ∈ F such that
0 6= [s, Is, T ] + [s, T, Is] ⊆ T.
Note that if T is a semiprime LTS, then the notion of ideally absorbed(i.e., the notion
of system of quotients) is equivalent to the notion of Martindale quotient over the set of
all essential ideals. We now show the relationship between a system of quotients of a LTS
and an algebra of quotients of a Lie algebra.
Definition 3.13. [10] Let L ⊆ Q be an extension of Lie algebras. We say that Q is an
algebra of quotients of L if the following equivalent conditions are satisfied:
(i) Given p and q in Q with p 6= 0, there exists x in L such that
[x, p] 6= 0 and [x, L(q)] ⊆ L,
where L(q) is the linear span in Q of q and the elements of the form adx1 · · · adxnq
with n ∈ N and x1, · · · , xn ∈ L.
(ii) For every nonzero element q in Q there exists an ideal I of L with CL(I) = 0 such
that 0 6= [I, q] ⊆ L.
Proposition 3.14. Let Q be an algebra of quotients of a Lie algebra L. Then Q and L
can be regarded as LTS Q˜, L˜ with [a, b, c] = [[a, b], c], respectively. Then Q˜ is a system of
quotients of L˜.
Proof. For any 0 6= q ∈ Q˜ = Q, since Q is an algebra of quotients of a Lie algebra
L, there exists a nonzero ideal I of L such that CL(I) = 0 and 0 6= [q, I] ⊆ L. Let I˜
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denote the induced ideal of L˜ by I with [a, b, c] = [[a, b], c]. Suppose x ∈ CL˜(I˜), then
[[x, I], L] = [x, I˜, L˜] = 0, and so [x, I] = 0. Then x ∈ CL(I) = 0, and hence CL˜(I˜) = 0.
Note that 0 6= [q, I] ⊆ L, and it follows that
0 6= [q, I˜, L˜] = [[q, I], L] ⊆ [L, L] ⊆ L = L˜.
Then
[q, L˜, I˜] ⊆ [I˜, q, L˜] + [L˜, I˜, q] ⊆ L˜+ [[L, I], q] ⊆ L˜.
Therefore, Q˜ is a system of quotients of L˜.
Proposition 3.15. Let T be a LTS and L(T ) = T ⊕ L(T, T ) be its standard imbedding.
Let I be an ideal of T .
(1) CL(T )(I ⊕ L(I, T )) ∩ T = CT (I).
(2) CL(T )(I ⊕ L(I, T )) = 0 if and only if CT (I) = 0.
Proof. (1) Suppose that x ∈ CT (I) ⊆ T , then [x, I, T ] = [T, I, x] = 0. Note that
every element
∑
L(a, b) ∈ L(T, T ) with [
∑
L(a, b), T ] = 0 implies
∑
L(a, b) = 0. It
follows that L(x, I) = 0. The relation
[x, I ⊕L(I, T )] = L(x, I)⊕ [I, T, x] = 0
shows that x ∈ CL(T )(I ⊕ L(I, T )) ∩ T .
Conversely, let x ∈ CL(T )(I⊕L(I, T ))∩T . Then [x, I⊕L(I, T )] = 0, and so L(x, I) =
0, [I, T, x] = 0. Thus [x, I, T ] = 0, it follows that x ∈ CT (I).
(2) Only sufficiency needs proof. If CT (I) = 0 let us prove that CL(T )(I⊕L(I, T )) = 0.
Note that CL(T )(I ⊕ L(I, T )) ∩ T = 0. Then for any L(y, z) ∈ CL(T )(I ⊕ L(I, T )), the
equation [L(y, z), I ⊕ L(I, T )] = 0 implies that [y, z, I] = 0 and [L(y, z),L(I, T )] = 0.
Thus, L([y, z, T ], I) ⊆ [L(y, z),L(T, I)] + L([y, z, I], T ) = 0, and so [[y, z, T ], I, T ] = 0.
Notice that
[T, I, [y, z, T ]] ⊆[y, z, [T, I, T ]] + [[y, z, T ], I, T ] + [T, [y, z, I], T ]
⊆[y, z, I] + 0 + 0 = 0.
Then [y, z, T ] ⊆ CT (I) = 0, and this proves L(y, z) = 0. Therefore, CL(T )(I ⊕ L(I, T )) =
0.
Proposition 3.16. [3] Let T be a subsystem of a LTS S and let L(T ) and L(S) be standard
embeddings of T and S, respectively. Then S is a LTS of Martindale-like quotients of T
with respect to a power filter F of ideals with zero centralizer on T if and only if L(S) is a
Lie algebra of quotients of L(T ) with respect to the power filter L(F) = {I⊕L(I, T )|I ∈ F}
of ideals with zero centralizer on L(T ).
Proposition 3.17. [4] A LTS T is nondegenerate if and only if L(T ) is a nondegenerate
Lie algebra.
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Proposition 3.18. [10] If Q is an algebra of quotients of a nondegenerate Lie algebra L
and the characteristic of the base field is not 2 or 3, then Q is nondegenerate.
Theorem 3.19. Let S be a system of quotients of a semiprime LTS T . Then L(S) is an
algebra of quotients of L(T ). Moreover, if T is nondegenerate and chF 6= 2, 3, then S is
also nondegenerate.
Proof. Since T is semiprime, the set F of all ideals of T with zero centralizer is a
power filter on T such that S is a LTS of Martindale-like quotients of T with respect to F .
It follows from Proposition 3.16 that L(S) is a LTS of Martindale-like quotients of L(T )
with respect to L(F). Then for each 0 6= x ∈ L(S), there exists an ideal I⊕L(I, T ) ∈ L(F)
such that 0 6= [x, I ⊕L(I, T )] ⊆ L(T ). Note that CL(T )(I ⊕L(I, T )) = 0, since CT (I) = 0
and by Proposition 3.15. Therefore L(S) is an algebra of quotients of L(T ).
Suppose that T is nondegenerate. Then by Proposition 3.17, L(T ) is nondegenerate,
and so L(S) is nondegenerate by Proposition 3.18. Therefore, S is nondegenerate again
by Proposition 3.17.
At the end of this paper, we will construct the maximal system of quotients for
nondegenerate Lie triple systems.
In [4], the authors built the maximal Lie algebra Q of a Lie algebra L with respect
to a filter F and showed that if L is a nondegenerate Lie algebra with finite Z-grading
and F is a power filter of ideals with zero centralizer on L, then Q has a finite Z-grading.
Moreover, L and Q have the same support. It is also proved that if S is another Lie
algebra of L with respect to F , then there is a Lie monomorphism of S into Q which is
the identity on L.
Let T be a nondegenerate LTS and F be the power filter of T consisting of all ideals
with zero centralizer. Then L(T ) is a nondegenerate Lie algebra by Proposition 3.17 and
L(F) is the power filter of L(T ) consisting of ideals with zero centralizer by Proposition
3.16. Suppose that the Z2-graded Lie algebra Q = Q0 ⊕ Q1 is the maximal Lie algebra
of quotients of L(T ) with respect to L(F). Remember that Q1 is a LTS by putting
[q, q′, q′′] = [[q, q′], q′′], ∀q, q′, q′′ ∈ Q1.
For any nonzero q ∈ Q1, there exists I ⊕ L(I, T ) ∈ L(F) such that 0 6= [q, I ⊕
L(I, T )] ⊆ T ⊕ L(T, T ). Then L(q, I) ⊆ L(T, T ) and [T, I, q] ⊆ T , and so [q, I, T ] ⊆
[T, T, T ] ⊆ T , and it follows that [q, I, T ] + [q, T, I] ⊆ T . Since CL(T )(I ⊕ L(I, T )) = 0,
CT (I) = 0 by Proposition 3.15, which implies [q, I, T ] + [q, T, I] 6= 0. Therefore, Q1 is a
system of quotients of T .
Moreover, Q1 is maximal in the sense that if S is another system of quotients of T ,
then there exists a Lie monomorphism φ : S → Q1 which is the identity on T . Now
assume that S is a system of quotients of T . Then L(S) is an algebra of quotients of L(T )
by Proposition 3.19. Note that Q = Q0 ⊕ Q1 is the maximal Lie algebra of quotients of
L(T ) with respect to L(F). Then there exists a Lie monomorphism φ : L(S)→ Q which
is the identity on L(T ), and hence φ|S : S → Q1 is a Lie monomorphism which is the
identity on T . This implies that Q1 is the maximal system of quotients of T .
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Lemma 3.20. [10] If L is a finite dimensional semisimple Lie algebra over an algebraically
closed field of characteristic 0, i.e., the solvable radical of L is zero, then the maximal Lie
algebra of quotients of L is L.
Proposition 3.21. Let T be a finite dimensional semisimple LTS over an algebraically
closed field of characteristic 0 and S be the maximal system of quotients of T . Then
S = T .
Proof. Since T is semisimple, its solvable radical R(T ) = 0, then R(L(T )) = R(T )⊕
L(R(T ), T ) = 0(cf. [7]), which implies that L(T ) is semisimple. Hence the maximal Lie
algebra of quotients of L(T ) is itself by Lemma 3.20, then the maximal system of quotients
of T is T .
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